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Introduction: the article analyzes the Condorcet paradoxes and considers the ways of their
possible solution. Purpose: to identify the fairest electoral system for elections in single- and
multi-member electoral districts. Methods: general scientific (dialectic, analysis, synthesis, abstracting, specification) along with specific scientific (formal-legal, comparative law, technicallegal) research methods were used. Results: most of current electoral systems do not meet the
Condorcet criterion. The absolute majority and plurality electoral systems based on categorical
voting can in some cases lead to unreasonable voting results. Most preferential systems do not
meet this criterion either. There are several techniques able to resolve the first Condorcet paradox positively, among which the Shulze, Tideman, Copeland, and Kemeny-Young methods are
worth mentioning. Some scientists find Marcus Shulze’s algorithm beneficial compared to the
others. Many countries use this method for intraparty voting and also e-voting on the Internet
(e. g., curators of the Wikipedia and some other projects are elected in this way). This approach,
however, is unable to resolve the Condorcet paradoxes entirely; moreover, it gives rise to some
other ones. Unfortunately, nowadays in Russia preferential systems cannot be applied due to some
peculiarities of the electorate’s mentality, procedures for vote counting and determination of the
election results. Conclusions: the Condorcet paradoxes do not appear in the countries with true
two-party or pseudo-two-party systems. At presidential elections such states successfully practice
the two-round majoritarian system with the absolute majority. On the contrary, in true multi-party
states the use of preferential systems (the Shulze method, etc.) is rather advantageous.
Keywords: electoral law; electoral system; classification of electoral systems;
problem of public choice; majoritarian systems; preferential systems; semi-proportional systems
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Введение: анализируются парадоксы Кондорсе и способы их решения. Цель: определить наиболее справедливую избирательную систему на выборах в одно- и многомандатных округах. Методы: использованы общенаучные (диалектика, анализ и синтез, абстрагирование и конкретизация) и частнонаучные методы исследования (формальноюридический, сравнительно-правовой, технико-юридический). Результаты: большинство из существующих избирательных систем не соответствуют критерию Кондорсе. Мажоритарные системы относительного и абсолютного большинства, основанные на категориальном голосовании, в ряде случаев приводят к необоснованным результатам. Большинство преференциальных систем также не удовлетворяют этому
критерию. Существует несколько методик, которые могут позитивно решить первый
парадокс Кондорсе. Среди них стоит выделить алгоритмы Шульце, Тайдемана,
Коупленда, Кемени-Янга. По мнению ряда ученых, алгоритм Маркуса Шульце имеет
явные преимущества по сравнению с иными. Данный метод применяется во многих
странах на внутрипартийных выборах, а также при проведении электронного голосования в сети Интернет (в частности, по этому алгоритму избираются кураторы Википедии и некоторых других проектов). Однако и эта методика целиком парадоксов
Кондорсе не решает, в свою очередь порождая ряд других. К сожалению, в настоящий
момент в России преференциальные системы не могут применяться из-за особенностей менталитета избирателей, порядка подсчета голосов, подведения итогов голосования и определения результатов выборов. Выводы: в обществах с истинно двух- и
псевдодвухпартийной системами парадоксы Кондорсе не возникают. В таких государствах использования на президентских выборах двухтуровой мажоритарной системы
абсолютного большинства вполне достаточно. Наоборот, в действительно многопартийных государствах использование преференциальных систем (алгоритм Шульце
и др.) имеет свои преимущества.
Ключевые слова: избирательное право; избирательная система;
классификация избирательных систем; проблема общественного выбора;
мажоритарные системы; преференциальные системы; полупропорциональные системы

preferable candidate with A taking the second and
B the third places. Finally, 7 voters want candidate
C to win but candidate B is the second in their ballots and A is the third. Thus, from the perspective
of elementary mathematical logic, Marquis of Condorcet required to get the candidate who would
have the upper hand in all the pairs when being
compared with other candidates. Later this rule was
named the Condorcet criterion. Thus, using the language of mathematics, in order to determine the
winner of the election, one should establish transitive relation between the candidates. Consequently,
the following matrix can be obtained:

Introduction
th

At the end of the 19 century, Marquis of Condorcet was the first to discover a number of paradoxical peculiarities connected with the vote counting.
These paradoxes as well as Zeno’s paradoxes seem
insoluble. The most famous Condorcet paradox
comes down to the following absurd situation.
Voting results are as follows: candidate A won
23 votes, candidates B and C won 19 and 18 votes
respectively. Suppose that voters in their ballot papers were able to rank the candidates from the most
preferable to the least preferable one. Marquis of
Condorcet specified the fact that 23 voters actually
considered candidate A the most desirable and
these people ranked candidate B the second and C
the third. 17 voters preferred candidate B, candidate
C was the second and A was the third in this case.
2 citizens also voted for candidate B but ranked
candidate A the second and candidate C was the
third in their ballots. 11 people chose C as the most

Table 1
The matrix of pairwise comparisons
А
А is better than…
В is better than …
С is better than…
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26
35

В
34
18

С
25
42

D. M. Khudoley

In the example given, 34 voters think that
A>B, and 26 voters think differently: B >A;
25 people consider that A>C, but 35 voters have a
different opinion: C>A; 42 citizens suppose that
B>C, and 18 voters think that C>B. It is rather obvious that in the pair A and B the priority belongs
to A (34>26), in the pair A and C the priority belongs to C (25<35), and B is in priority in the pair B
and C (42>18).

А

approval or disapproval of a particular candidate.
The white ball was considered “for” while the black
one meant 'against'. The candidate with the maximum number of white balls was the winner of the
election in case the number of white balls was larger than that of black ones. Thus, the name of the
procedure “ballot” takes its origin from the word
“ball”. So, the candidate elected was supposed to
have the absolute majority of votes. Clearly, the
third (or the last) place in the Condorcet’s example
is analogous to the black ball whereas the first and
the second places in the ballot paper are comparable to the white ball. Thus, in the first example
24 candidates did not approved of candidate
A (35 white balls), candidate C got 25 black balls.
On the other hand, only 11 voters disapproved of
candidate B (49 white balls). Evidently, it is candidate B who is to win the election!
Unfortunately, this practice of the approval
voting has some drawbacks if being looked at in
terms of mathematics. Let us assume that candidate
A got 31 votes, with candidate B on the second and
candidate C on the third place. In the ballot papers
where candidate B received 27 votes candidate C
was the second and A was the third. Finally, only
2 votes were given to candidate C, and in such ballots candidates B and A took the second and the
third place respectively. Let this example be named
the second. If in this case citizens had used black
and white balls instead of filling in ballot papers,
the result of the election would have been paradoxical. Obviously, candidate A is disapproved of by
29 voters (31 white balls); a bit worse is the situation with candidate C that has 29 white balls and
31 black ones; with that candidate B wins the election by plurality (having no “against” votes), although he only received 27 electoral votes. And paradoxically, having the absolute majority candidate
A will lose the election!
There have been some other attempts to resolve the Condorcet paradox. One of these is Bucklin method based on the idea that in case of a stalemate, the voters’ primary preferences should be
added by the second and then by the third ones, and
it should be repeated until some candidate gets the
absolute majority of votes [18]. In the first above
example presenting the Condorcet paradox, candidate B will win the election (as having 19 first votes
+30 second votes =49). Here it should be mentioned
that both Bucklin method and the approval voting

В

С
Fig.1. Graphic representation of the Condorcet paradox

Thus A>B, B>C, but C>A [2, p. 50]. It looks
like an endless cycle. The relationships between the
candidates are not transitive, that is why the Condorcet rule cannot be applied. Thus, the question arises
how to solve this problem?
Single-Ballot Electoral Systems
That Do Not Meet the Condorcet Criterion
It should be noted that a large number of foreign
languages lack the conception of “relative majority”.
It can be explained by the fact that the word “majority” comes from the Latin “major” meaning “more
than half”. But to speak about relative majority the
term “pluralis” (plurality) is used. It is not a coincidence that most Western scientists do not treat plurality voting as a majoritarian system and so are
skeptical about its democratic nature [15, p. 122].
The democracy based on the majority rule (i. e. the
power of more than half of citizens) gets into a paradoxical situation in case such majority is absent.
A lot of possible solutions have been suggested.
Historically the first electoral system in the world
was approval voting, which had been used in Greece
up to the middle of the 20th century. It works as follows: a voter is given a number of votes identical to
the number of candidates and he/she casts a vote for
or against each candidate. In practice, it was the voting by black and white balls. In the room where the
election was held two ballot boxes were placed in
front of each candidate’s placard; one of the boxes
had an inscription “yes” on it while the other one had
“no”. A voter put a ball into a box showing his/her
290
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system can lead to the situation when two or more
candidates will receive the absolute majority (the
candidate having received the most votes will win).
Thus, in the first example candidate C will also get
the absolute majority of votes but will lose the election (having 18 first votes + 17second votes = 35).
And this is nothing else but manipulation with numbers. We disagree with Bucklin method as it sets the
first and the second preferences equal de facto,
which can lead to the unfair election result.
Let us consider one more example. Suppose
that 3 voters think that B> A>C; 1 citizen thinks
that A>C>B; and 2 people consider that B>A>C;
finally 6 voters think that C>A>B. Thus, none of
the candidates won the absolute majority of votes
(A won 4 votes, B – 3, C – 6) so we have to add the
first and second preferences. Having summarized
all the above, we can see that A received 12 votes,
B won 6 votes and C was given 8 votes. In this situation, candidate A wins the election. However,
according to Condorcet rule it is candidate C who is
to win: С>A (7>6), С>B (7>6) и А>В (10>3), that
is C>A>B! Naturally, in the USA Bucklin method
was ruled unconstitutional.
The Borda count corrects the failing of the
Bucklin method. It should be mentioned that originally this system is likely to have been suggested
by a famous philosopher Nicholas Krebs, better
known as Nicholas of Cusa but not by the French
scientist Jean-Charles de Borda after whom it was
named. According to this system, each candidate
gets votes in accordance with the rating given
him/her by the voters. However, each lower position received by the candidate reduces his/her rating
by one. And the winner is determined simply by the
majority of points. Currently, there are several
modifications to this method. One of these is that
the first preference should be equal to n, where n is
the number of candidate taking part in the election
(the last place brings one point). According to another interpretation, to simplify the calculation each
first place should bring a candidate n-1 points (in
this case the last place is not taken into account)
[18]. Also there is a suggestion to provide a voter
with the right to determine a limited number of
preferences (e. g. 3); therefore, the candidate
ranked the third, i. e. receiving the third preference,
wins only one point (it is so called modified Borda
count). The Borda count has been hardly applied as

it is, although in Nauru at parliamentary elections in
multi-member electoral districts a voter can determine three preferences, the first one being equal to
a vote, the second and the third ones – to a half and
a third of a vote respectively [15, p. 355].
Let us apply the Borda count to the first example demonstrating the Condorcet paradox. If the
first place equals n-1 points, candidate B will win
the election (19*2+30*1=68), the second place will
be taken by candidate A (23*2+13*1=59), and candidate C will be on the third position
(18*2+13*1=53). The example given confirms that
candidate B is the most popular one. The main
drawback of the Borda count is similar to that of
the approval voting system and it is the fact that the
minority candidate can win the election. Thus, in
the second example candidate A will get 62 points,
B – 87 and C – 31. Therefore, both the Borda count
and approval voting system (apart from the Condorcet criterion) do not meet the most important
criterion of democracy, which is the majority rule.
It has also been found out that the Borda count
and its varieties do not provide adequate results
when applied in a multi-member electoral district.
To correct this fault, the English scientist Michael
Dummett developed so called “Quota Borda System” (QBS). However, this modification to the
Borda count proved not to be always fair and to
have the same drawback as the classical method
does [19, p. 177].
Two-Round and Multi-Ballot Electoral
Systems and Analogous Preferential Methods
not Conforming to the Condorcet Criterion
In the situation when none of the candidates
won the absolute majority of votes, one of the most
obvious solutions is to hold a second ballot. But
who is to contest the election? The answer seems
obvious – two most successful candidates. Apparently, one of them will receive the absolute majority from the total number of valid ballot papers.
Consequently, the absolute majority will be
achieved in this case in such an artificial way.
Nowadays multi-ballot systems are not used at
elections to representative bodies but a lot of parties
practice these at primaries. This method aims at the
elimination of the candidate having the fewest votes
before each election round, where the absolute majority determines the winner.
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Different preferential voting systems can also
be used to tackle the stalemate. These are based on
the principle when a voter ranks candidates from
the most to the least preferred. And this is the type
of voting which was shown in the above Condorcet
example. However, most preferential voting multiballot systems are modeled artificially and so the
candidates receiving the minority of the first voices
are eliminated from the seat allocation procedure.
The most common preferential system in the world
is the alternative vote system (or instant second
round). The authors of this method are the American professor Robert Ware and English political
scientist Thomas Hare [1, p. 22; 6, p. 104; 8,
p. 167]. It creates a mathematical simulation of the
second round and determines the winner of this hypothetical second voting without it being held. In
other words, a voter in his/her ballot paper is meant
to have identified the alternate candidates. Therefore, it is allowed to pass the votes received by the
candidate with the fewest first ones to his alternate
(i.e. the candidate ranked the second in this ballot
paper). And if this hypothetical second round does
not make it possible to determine the winner, then
one more candidate should be eliminated through a
third hypothetical tour and etc.
There are some other types of preferential systems that simulate two-round absolute majority voting systems. For example, in London at mayoral
elections the second vote system is applied. A voter
uses his/her first vote to determine the candidate to
be elected and the second one for his/her alternate.
If none of the candidates wins the absolute majority, all the candidates except the first two are eliminated, their first votes being added to the second
ones [9, p. 45].
According to all the systems considered above,
candidate A wins the election in the first example
of Condorcet. Unfairness is obvious here. Moreover, all these systems do not meet the earlier considered Condorcet criterion at all and therefore are
unfair. Let us alter the first example in order to
prove the invalidity of the method of two-round and
multi-ballot voting and preferential systems simulating the second and the following rounds. Suppose that 23 voters chose candidate A as their main
preference and candidates C and B were the second
and third respectively. 20 citizens preferred candidate B and gave the second place to C and the third
one to A. Candidate C was the leader in 17 ballot

papers, with B taking the second position and A –
the third. In the pair A and B the priority is given to
B (23<37); in the pair A and C the priority is given
to C (23<37); and between B and C the most preferable candidate is C (20<40). Let it be the fourth
example. Thus, B>A, C>A, and C>B. According to
the transitive principle in mathematics suggested by
Condorcet, candidate C should be pronounced the
winner of the election. But this candidate received
the lowest number of first votes (only 17) and
therefore lost all chances to win as he would be unable to take part in the second round of the election.
He will also be pronounced the looser by the majority of preferential systems since according to these
the candidate with the lowest number of first votes
is to be eliminated [2, p. 94; 7, p. 18].
The above example should not be thought of
as a result of mathematicians’ speculative imagination. Similar situation happened at the presidential election in Paris in 2002. In the first round
none of the candidates could win absolute majority
of votes: center-right Jacques Chirac got 19,88 %,
far right candidate Jean-Marie Le Pen received
16,86 %, and socialist Lionel Jospin was given
16,18 % of votes. The second round was held, in
which Chirac, having received 82,21 %, easily
won Le Pen. However, some sociologists mention
that if to draw paired comparisons, Jospin was
ahead of both Chirac and Le Pen, and thus following the law of mathematics was bound to win the
election, but lost it due to French election law!
This fact put into question the fundamentals of
French democracy. Chirac was even named 'illegitimate president' by some citizens [5].
In order to overcome this drawback, some
countries allow more than two candidates to contest
election. For example, at parliamentary election in
France candidates receiving not less than 12,5 % of
votes go forward to the second round. Therefore,
the maximum number of candidates in the second
round is 8. Nevertheless, in the fourth given example the above presented rule will not allow candidate C to win the election. It is obvious that in order
to win a candidate should get plurality, not the absolute majority of votes. In fact, in this case the
second round appears to be just a repeat election
with approximately the same results.
Moreover, even if to assume that in the fourth
example not one but two candidates will be elected
it will not let candidate C to win. In the 19th century,
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mentioned above T. Hare, another English lawyer
H. Droop, Danish mathematician C. Ande, and
English mathematician T. Hill developed the system of single transferable vote (STV), which is a
modification to the alternative vote system designed to be applied in multi-member electoral districts. There are quite a number of modifications to
the alternative vote system (these are by Hare-Clark
including Gregory method, weighted inclusive
Gregory method, Mick method); but they all are
based on the necessity to eliminate the candidate
having the lowest number of first preferences. Therefore, any modifications to the single transferable
vote system will lead to this unfair result [4, p. 164].
As it was convincingly shown above, even if
the situation is disputable there are no good reasons
to eliminate the candidate having the lowest number of first preferences. A different criterion must
be used. There is Coombs’ method which is based
on the elimination of those candidates first who
received the largest number of last preferences.
Such elimination and recounting of votes will be
performed until some candidate wins the absolute
majority of votes [18]. However, this method, although having obvious advantages over the other
ones, is not free of drawbacks. It has been found
out that Coombs’ method goes into a contradiction
with the Condorcet rule. Let us change the third
example in some way. Assume that 3 voters decided that A>B>C; 1 person thinks that A>C>B; and
the opinion of 2 citizens is that B>A>C; there is 1
person who ranked the candidates as B>C>A, and 3
voters decided that C>B>A. As far as none of the
candidates won the absolute majority, candidate C
is eliminated and candidate A wins having 7 votes
out of 13. However, the Condorcet rule requires C
to be pronounced the winner since С>A (7>6), С>B
(7>6) and А>В (7>6), i.e. С>A>B!

about Alice’s adventures) developed a Condorcet
system modification that positively solves the paradox under consideration. If it comes out to be a cycle the mandate is passed to the candidate whose
ballot papers need the fewest corrections for
him/her to be pronounced the winner in accordance
with the rules of transition [12, p.158]. In the first
Condorcet example, candidate A is better than B
(34>26), candidate B is better than C (42>18), and
candidate C is better than A (35>25). For candidate
A to win, it is necessary to change the mathematical
symbol in the latter pair like A>C. But to do this it
is necessary to alter 6 votes (the new ratio will be in
favor of A: 31>29). For candidate B to win, it is
necessary to change the mathematical symbol in the
former pair like B>A. But to do this it is necessary
to alter 5 votes (the new ratio will be in favor of B:
31>29). For candidate C to win, the second pair of
the sentence has to be altered and so 13 ballot papers will have to be corrected (the new ratio will be
in favor of C: 31>29).
Some authors have tried to solve the Condorcet
paradox in a different way, through the hybridization of the Borda count and preferential systems
simulating the second round. Three of these modifications are worth noticing. They are algorithms by
Nanson, Baldwin and Rose. According to Baldwin’s method, all the preferences given to the candidate having received the fewest votes according
to the Borda system are annihilated and the recount
of voices continues until the winner is determined
[3, p. 60]. The Borda count states that the worst
candidate is C (53 votes). After he/she has been
eliminated and the votes have been recounted, candidate A is to win (34>26). However, we do not
agree with this result either.
According to Nanson’s method those preferences should be annihilated which were given to
candidates receiving a smaller or arithmetically
equal to the average number of votes in terms of the
Borda count. And if it is still impossible to give out
mandates, then the average number of points has to
be found arithmetically and preferences are to be
annihilated. Such elimination should be held as
long as one candidate is left [14, p. 373]. In the first
Condorcet example, the arithmetic average is equal
to 60 points. Of all the candidates only candidate B
has more than that (68), and so he is pronounced
the winner.
Rose’s method is more complicated. At first,
the candidate having the most), points according to

Preferential Systems Capable
of Solving the First Condorcet Paradox
Currently scientists have developed plenty of
systems able to solve the Condorcet paradox and
simultaneously meet the Condorcet criterion. Almost all such algorithms can be used provided the
votes are counted electronically as the process takes
a huge number of operations.
Further these systems will be considered according to the increase in their mathematical benefits. The English mathematician Ch. Dodgson (better known as L. Carroll, the author of the books
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the Borda count should be suspended and his/her
preferences should be annihilated. In this case, if
there are only three candidates in the election then,
using the language of sport, one can say that the
suspended candidate goes straight to the final. After
that recount of the remaining candidates’ votes according to the Borda count takes place and the one
having the most points is suspended and directed to
the final round of the election. Then the suspended
candidates are reinstated and the final round takes
place, and the votes are recounted again according
to the Borda count [13]. Apparently, when the
number of candidates is large, much more transitional rounds (semi-finals, quarter-finals, etc.) have
to be held, with the quantity of operations performed exponentially increasing!
Thus, in the first Condorcet example candidate
B should be suspended and sent to the final, candidate C beats candidate A (35>25) but is beaten by
candidate B in the final (42>18).
In order to solve the Condorcet paradox, Rob le
Grand and Ian Cock have introduced slight changes
into the alternative vote method for elections in a
single-member district and a multi-member one respectively [13; 18]. The idea is that the eliminated
candidate is determined not through the number of
first votes obtained but in a hypothetical “consolation” round where candidates receiving the fewest
first votes take part. This method is called BTR-IRV
(Bottom Two Ranks – Instant-Runoff Voting). This
method resolves the Condorcet paradox in the positive way pronouncing candidate C the winner. And
in terms of the number of first votes received the
worst candidates are B (19 votes) and C (18 votes).
As it has already been said, the priority in this pair is
given to candidate B (42>18), so candidate C is pronounced the worst and all his/her votes are passed to
candidate A (11 additional votes) and candidate B
(7 additional votes). Therefore, candidate A is pronounced the winner.
This article is not aimed at the analysis of the
disadvantages of all these methods. Nevertheless,
one main drawback should be mentioned here,
which is the violation of the monotony rule (mathematician Douglas Woodall named this rule
“mono-raise”) [18]. In other words, the application
of the algorithm may lead to the situation when the
change of the winner’s preferences for the best
(e. g. when the second preferences are changed for
the first ones) can result in his/her loss. Let us consider a very typical example which is going to be

the fifth: 8 citizens think that A>B>C, 4 people decided that C>A>B, 5 voters made the following
choice B>C>A, and finally, 3 voters suppose that
C>B>A. Thus, according to the Baldwin method,
candidate A has 20 points, B – 21, and C –
19 points. Candidate C is eliminated according to
the Borda count as having the fewest points. In the
pair A and B, the priority is given to A (12>8) and
so candidate A wins the mandate.
Now let us slightly alter the example. Suppose
that the three voters whose opinion was C>B>A
changed it into C>A>B. Seemingly, candidate A is
to win even with a bigger advantage over other
candidates. But having recounted the votes, we
found out that candidate A would receive 23 points,
B – 18 and C – 19. Candidate B is eliminated and
candidate C wins the election (12>8)! In other
words, candidate A lost the election having improved his preferences!
The above mentioned methods, like many other ones meeting the Condorcet requirement, give
rise to one more paradoxical situation. Assume that
in the fifth example the number of voters was not
19 but 22, with three additional voters being candidate A’s supporters. Their ballot papers reveal the
following ratio: A>C>B. Seemingly, candidate A
is bound to win and his/her advantage over other
candidates is supposed to increase (in this case
he/she has almost half of first votes: 11 out of 23).
Thus, according to the Baldwin method, candidate
A receives 26 points, B – 21 and C – 22 points.
Candidate B is eliminated and candidate C wins the
election (12>11)! Candidate A lost having received
more additional first votes!!! As a consequence, an
absurd situation occurs when a voter has to withdraw from taking part in the election in order not to
worsen his/her preferable candidate’s situation (this
is so called “no-show paradox”) [18]. This paradox
is considered to be the result of violation of the participation criterion.
The above methods also do not meet other criteria developed by Douglas Woodall (in the first
place “later-no-harm” and “later-no-help criteria”).
The thing is that change in preferences of the lowest-ranked candidate should not lead to the leader's
defeat (later-no harm) and should not help the candidate in the position higher than his/her one to win
the election (later-no help) [18]. Let us consider
these mismatches on the above fifth example applying BTR-IRV rules. So, candidate A received 8 first
votes, candidate B – 4, candidate C – 7. Among the
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last two candidates candidate B has a priority
(13>7). Candidate C is eliminated and his three
votes are passed to candidate B and four votes – to
candidate A, with the latter being pronounced the
winner (12 votes out of 19). Now let us assume that
all the four voters whose opinion was C>A>B
would change their preferences into C>B>A (i. e.
the first vote would not be altered). This situation
would completely change the result of the election!
In this case, candidate B beats candidate C in the
consolation round so candidate C is eliminated but
all 7 votes are passed … to candidate B, who is
pronounced the winner (12 votes out of 19)!
As it turned out, BTR-IRV, like many other
methods, can bring a so called dark horse candidate
to win. Let us consider the sixth example. Suppose
there are three favorites (candidates A, B, and C)
and an obvious outsider, candidate D (a dark horse
candidate). Voters are aware of the fact that candidates A, B and C have almost equal chances to win
the election. Thus, giving their votes to their favorite candidates they deliberately make the opponents’ ratings lower and that of candidate D – higher having in mind that he has no chances to win (in
mathematics this phenomenon is called “dark horse
wins 3+-way race” or DH3 pathology) [18]. Let
4 people think that A>D>B>C; 4 voters believe that
A>D>C>B; 3 people decided that B>D>C>A;
3 citizens voted like this B>D>A>C; 2 voters’ opinion is C>D>A>B; and two people think that
C>D>B>A. None of the candidates won the absolute majority of votes (A has 8, B – 6, C – 4, D – 0).
In the pair C and D the priority is owned by D
(14>8), so candidate C is eliminated and his votes
are passed to candidate D (A has 8 votes, B – 6, D –
4). In the pair B and D the priority is owned by D
again (12>6), so candidate B has to be eliminated
and his 6 votes are given to D, who is to win having
the absolute majority (10 out of 18). Finally, the
candidate D, being an obvious outsider and having
no first votes at all, will win the election! And it has
to be emphasized that none of the voters wanted
him to win! Such a candidate will be pronounced
the winner according to the Condorcet criterion as
well! If the election was held according to the traditional alternative voting system, candidate A would
win it since candidate D would be immediately
eliminated as having no first votes. Then candidate
C would be eliminated as the worst one giving two

of his votes to candidate B and two – to candidate
A, who, receiving 10 votes, obtains 50 %+1vote.
Applying the two-round majoritarian system at the
election would have the same result.
One more method worth mentioning is that of
Simpson-Kramer (Minimax Condorcet method).
This algorithm is considered to be a modification to
Condorcet method. That candidate should be pronounced the winner who has the least loss value
when comparing pairs. In other words, the number
of votes received by the winner in the pair defeat is
taken into consideration [13]. In the first example,
the situation is as follows: A is better than B
(34>26), B is better than C (42>18), C is better than
A (35>25). Each candidate lost one pair competition but candidate B has the least loss value (candidate A received only 34 votes in the hypothetical
round lost by candidate B). Thus, the final hierarchy will be as follows: B>A>C. In terms of mathematics, this method is not perfect as in particular
cases the candidate who would lose the election
according to Condorcet can be pronounced the
winner. It may occur in those rare cases when the
leaders’ positions form a cycle and the candidate
who lost in all pair comparisons will win. Let us
consider one more example, the seventh one. One
citizen’s opinion is A>B>C>D, another person
thinks that A>B>D>C, 3 voters decided that
B>C>A>D, and 1 voter believes that C>D>A>B, 1
person expressed the following opinion D>A>B>C,
finally, 1 voter thinks that D>C>A>B. So candidate
A lost one competition with candidate C (3<6);
candidate B lost one competition with candidate A
(3<6); candidate C lost one competition with candidate B (3<6). Candidate D lost all the three pair
competitions but with the same results (4<5). And
if to follow the traditional Minimax method, candidate D is to be pronounced the winner, although,
following Condorcet this candidate cannot win!
As mathematical calculations show, some
successful methods to solve the Condorcet paradox were developed by Copeland, Tideman, Kemeny, Young, and Shulze. One of the most obvious was suggested by Copeland. This system is
believed to have been originally developed in the
13th century by the Majorcan philosopher Ramon
Llull. Those interested in football are likely to
know how places in the Russian championship are
tabulated. The points the teams score are shown in
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the tournament bracket, which is a graphical representation of the Copeland method. The idea behind the method is simple: the winner is the one
who has the most winnings when hypothetically
compared to other candidates [3, p. 52]. The winning means that the candidate’s personal score
increases by one point while the loss decreases
the rating by one point and a tie game does not
change the candidate’s position. There is another
variation of this algorithm where a tie game brings
half a point and the loss does not influence the
number of points. The latter is still applied during
chess tournaments. Consequently, if A>B, A>C,
and B>C, candidate A has two points, candidate B
has one point, and candidate C has none. It is obvious that the Copeland method is one more variation of the Condorcet method. Unfortunately, this
algorithm proved unable to fully resolve the Condorcet paradox.
Table 2

the sequence appears to have a cycle then this sequence is eliminated [19, p. 45].
As it was mentioned earlier, having analyzed
the matrix of comparisons Condorcet decided that
candidate A is better than B (34>26), candidate B is
better than C (42>18), candidate C is better than A
(35>25). The winning values are in bold. Ranking
of the pairs will result in the following subsequence: pair B>C is on the first place followed by
C>A and finally A>B.
The first two pairs of sentences are graphically
represented. The latter pair creates a cycle so has to
be eliminated. So B>C>A, and candidate B is pronounced the winner.

А

The Condorcet paradox solution
by the Copeland method
А
А
В

0

С

1

С

В

С

points

1

0

1

1

1

0

В

Fig.1. Graphic representation of the Condorcet paradox
solution by the Tideman method

The Tideman method is simple and smart.
However, it is criticized for the fact that the candidate having only one winning in pairwise comparisons, although with the highest score, might win.
Far more complicated is the Kemeny–Young
method. First of all, it is necessary to obtain the
matrix to present the results of the candidates’
pairwise comparisons. After that, an enumerative
technique is applied in order to determine the combination of matches with the largest sum of winning
values [20, p. 58]. In the first Condorcet example,
there are 6 different combinations: A>B>C,
A>C>B, B>A>C, B>C>A, C>A>B, C>B>A. For
solution, one will need the data from the matrix of
comparisons (see Table 1). Thus, for the combination A>B>C (i.e. А>B, A>C and B>C) the total is
101 (26+42+35); for the combination A>C>B the
total is 77 (34+25+18); for the combination B>A>C
the total is 93 (26+42+25); for the combination
B>C >A the total is 103 (26+42+35); for the combination C>A>B the total is 79 (35+18+26). The
largest total belongs to the combination B>C >A,
therefore candidate B is to be pronounced the winner. Apparently, if more than ten candidates take
part in the election, the quantity of operations to
be performed will be extremely large. In fact, the

1

Some additional rules have been suggested by
different scientists in order to overcome this tied
situation (e.g. Black insists on the use of the Borda
count, etc.). Basically the given algorithm is criticized for the fact that any winning gets impersonal
and so loses its value as it happens at a sport competition with a group stage. And this was the reason
why a group stage in chess competitions was abandoned and matches for the world chess crown were
introduced instead.
The Condorcet paradox is positively solved by
the Tideman algorithm (method of ranked pairs). It
is simple enough and resembles the Condorcet
method. First, a matrix of pairwise comparisons is
to be obtained (see Table 1); after that the highest
winning values in these comparisons should be determined and those forming sentences have to be
selected. This is what Marquis Condorcet did in the
18th century.
Then the pairs of sentences have to be ranked
with the account of the winning value. After that,
following the list obtained from up to down we can
graphically represent the sequence of candidates. If
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Kemeny–Young method looks a little like the
Tideman method and is criticized for the same
reasons.
In the 21st century, the Shulze method
(Beatpath method) is becoming more popular
among mathematicians. If after a pairwise comparison candidate A beats candidate B, B beats C, and
C beats D, one can say that there is a path from
candidate A to candidate D. The more voters prefer
the first candidate to the second one, the stronger
his winning is. The weakest pairwise winning in the
sequence is called the strength of the path. Candidate A beats candidate B indirectly if any of the
conditions is fulfilled: either the strength of the critical link from A to B is more than that from B to A,
or there is a path from A to B but no from B to A.
The Schulze method matches the requirements of transitivity, so if A beats B indirectly and
B in his/her turn indirectly beats C, then A also
beats C indirectly [17, p. 270]. This method, compared to those mentioned above, appears to be the
most logical.
Currently this algorithm is used when holding
intraparty elections of Pirate Parties in many European countries as well as at some Internet polling (e. g. Wikipedia curators are chosen by this
algorithm). Manual final ranking of candidates is
only possible if the number of candidates is relatively small but even though it would take considerable time.
Thus, let us apply the Schulze method to the
first example representing the Condorcet Paradox.
In the example A is better than B (34>26), candidate B is better than C (42>18), candidate C is better than A (35>25). The values of winnings in these
pairwise comparisons are represented on the graph
plotted by Condorcet in the 18th century.

equal to the lowest value on the path, i.e. to the critical link). Thus the strength of the path from candidate A to candidate B is 34 (straight path A >B);
the strength of the indirect path from A to C is also
34 (the strength of the path A>B is 34, the strength
of the path B>C equal 42 is neglected). The value
of the critical link in in bold. The strength of the
indirect path from B to A is 35 (the strength of the
path B>C equal 42 is neglected, the strength of the
path A>B is 34).
After that the matrix of the strongest paths between all the candidates is obtained:
Table 3
The matrix of the strongest paths
А
Path from A to …

В
35

35

Path from C to…

35

С

34

34
42

34

Obviously, the path from candidate B to candidate A is stronger than from A to B (35>34); likewise the path from B to C is stronger than that from
C to B (42>34); finally, the path from C to A is
stronger than that from A to C (35>34). Thus, the
hierarchy of candidates obtained is as follows:
B>C>A.
In the above example, there were only three
candidates and there was only one path between
them (direct or indirect). If the number of candidates were 10 and over, there would be a huge
number of paths between these. In this case, only
the strongest paths (those having the highest values
of critical links) should be introduced into the matrix. Such a complicated task can only be solved
with the help of computerized vote processing.
According to the Schulze method, if in the first
Condorcet example two candidates are to be elected
then these must be candidates B and C. But is that
fair? In fact, the number of votes given to candidate
A exceeded the Droop quota. And assuming that all
the three candidates in this district represent different parties we see that the candidate A’s party, having received 38 % of all the votes, is left without a
mandate at all! This can be explained by the fact
that the Schulze method matches the Condorcet
rule, not the principle of proportionality.
The Schulze method is considered almost perfect by many scientists both in Russia and abroad.

34
А

Path from B to …

В

42

С
Fig. 3. The path strengths between the candidates

Further, strengths of each path between the
candidates have to be determined (path strength is
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However, it is not quite so. Like other methods
matching the Condorcet rule, it is unable to resolve
the dark horse paradox or add-top failure. In other
words, it matches neither the participation criterion
nor later-no-harm and later-no-help criteria [18].
The discussed algorithm can be in use only at a single-member district election or when specifying the
sequence of candidates in the party ticket. However, none of proportional systems guarantees equal
participation of party and independent candidates.
We have developed a system which is a hybrid
of BTR-IRV and Coomb’s method. The system
obtained differs from BTR-IRV in the way that in
the consolation round the two candidates having the
largest quantity of last preferences must participate.
In this case, the system, unlike Coomb’s method,
will meet the Condorcet criterion. The difference
between BTR-IRV and our system is that it does
tend to monotony but does not meet this criterion in
full, the same way as other systems including elimination. As it has already been mentioned, two candidates recognized the worst by the number of last
preferences participate in the consolation round, so
the improvement of the leader’s preferences would
hardly have any effect on the decision which of the
candidates should be eliminated in this round. This
method can be applied at election in multi-member
districts together with the rules of single transferable vote system (the candidate to be eliminated is
determined in the hypothetical consolation round
so the unfair result shown in the fourth example is
out of the question).
Thus, in the Condorcet example according to
our system candidate B would be pronounced the
winner. As it was said earlier, the majority of third
votes belong to candidates C (25) and A (24). In
pairwise comparison candidate C wins (35>25) and
reaches the final where he/she gives way to candidate B (42>18). According to BTR-IRV system the
winner is candidate A. We strongly disagree with
this result. We suppose candidate B to be the lesser
of three evils and the system we have developed
takes it as a bases but does not fail to meet the
Condorcet criterion, unlike the Coomb’s method.
It should be noted that the modification to the
BTR-IRV system we have developed also has quite
a number of drawbacks. In fact, it does not resolve

the dark horse winning paradox and does not meet
later-no-help and later-no-harm criteria. However,
it has a significant benefit: in contrast to the Schulze and Kemeny–Young methods it allows for determining results with fewer operations involved.
Results
Many preferential systems positively resolve
the first Condorcet paradox. However, they give
rise to a number of other paradoxes, so they cannot
be considered ideal. Apparently, preferential systems can hardly be applied in modern Russia, and
there are several reason for it. One of these lies in
psychology of voters and candidates. They are unlikely to understand why the candidate having no
first votes at all can be pronounced the winner.
They will be unable to understand either why the
previous leader of the voting loses after receiving
additional number of his first votes. The majority of
Russian people, including those having higher legal
education, do not have a notion of transitivity.
Preferential systems have one more considerable failing, which is the fact that voters are unaware
of the criteria for ranking candidates. Some people
tend to evaluate honesty, others evaluate decisiveness, still others – a sense of humor. Moreover, a
person is not just a number. Number 2 will always
be more than 1 and less than 3. But it is not so easy
to evaluate personal qualities of people, let alone
rank these! Apparently, the majority of voters are
able to determine the best candidate as well as the
one who will be the second and probably the third.
But it is really doubtful that common voters could
decide who will get the fourth, fifth and subsequent positions; those candidates are similar for
them. For this very reason scientists have improved the Borda method allowing voters to express only three preferences. And it should be noted that without total ranking of candidates in the
ballot paper the accuracy of preferential system
declines and de facto it turns into a majoritarian
system with a categorical vote.
In addition, it is important to keep in mind that
preferential systems create only hypothetical simulation of the second round. It should be treated as a
hypothesis but not as the ultimate truth. Lionel
Jospin, who lost the presidential election in 2002,

298

The Condorcet Paradoxes and Their Solution

could consider himself a true president but it was
merely a prediction. The history of the mankind has
seen a case when it took just a week for a person to
change from a king into a criminal in the public’s
eyes. It often happened that those hesitating
changed their opinions between the first and second
rounds of voting. As for preferential systems, they
do not provide such an opportunity because they
take as an axiom the judgment of a voter who might
have formed it on the very day of the election while
looking through the list of the candidates in the
polling booth. It should be noted here that these are
such voters who subconsciously giving their preferences to a dark horse can turn the beam of the
election being held according to a preferential system. Two-round systems allow such voters to realize their mistake and change their mind.
Nowadays elections in the Russian Federation
are based on “paper” not electronic system of voting. Obviously, the process takes a great deal of
time and causes enormous queues at polling places,
which may lead to the situation when voters running out of patience would merely refuse to vote.
Finally, the count of votes at such elections is
hardly possible without their computer processing.
However, in Russia ballot papers are still processed
manually and the main task members of ballot
commissions face is not to perform a fair count of
votes but to make no mathematical mistakes when
determining the control ratio stated. For this argument state many facts such as numerous adscripts
and cases of rewriting protocols by Territorial Electoral Commissions.

The third paradox is connected with the absurd
situation that would take place during the adoption
of a law in the parliament. During the second reading three amendments to an act were suggested,
those being partially contradictory to each other (as
well as sentences from the second paradox). Each
amendment was suggested by one of the three large
parliamentary groups. All the three amendments
were adopted at the second reading by the majority
(some two of the parties would share their opinions) but at the third, the most crucial, reading the
law is completely rejected.
The paradoxes under discussion have been
puzzling scientists for many years. In 1951 Joseph
Arrow claimed that none of the existing methods of
voting satisfies the patterns of social choice he had
developed. To be more exact, the only method able
to satisfy them is the rule of dictator. However, being a democrat, Arrow rejected this rule himself,
accepting the fact of impossibility to develop a really fair electoral system [11, p. 32].
There are no fair electoral systems, as well as
there are no perfect laws, perfect languages, perfect
cultures, etc. Thus, we cannot speak about a really
existing ideal categorical voting system, neither
there is an ideal preferential system. Different
methods have their own advantages and disadvantages, which become apparent under certain circumstances.
In the states with true two-party or pseudotwo-party systems (multi-party system with the
domination of only two parties) the application of
two-round majoritarian systems with categorical
voting is fairly justified. The USA and Britain apply FPTP systems (in Russia they are called plurality methods), which, although originally nondemocratic, do not result in unfairness as frequently as the other ones. Most often a candidate at the
election receives over 50 % of votes as there are
usually only two candidates who are likely to win.
Moreover, it frequently occurs in the USA that the
parliamentary election is abandoned since only
one candidate is registered (who is automatically
pronounced the winner). On the contrary, in true
multi-party countries the use of a preferential system (e. g. the Schulze method) is advantageous.
Thus, if at the second reading in the third
Condorcet example preferential voting had taken

Conclusions
We think that considering one Condorcet paradox in isolation from the other ones is wrong. Researches mostly deal with the first one without taking into account the second and the third paradoxes.
However, in fact they are interconnected.
The second Condorcet Paradox is as follows.
Let one person think that A>B>C; another citizen
believes that B>C>A; and one more person’s opinion is that C>A>B. Consequently, any majority
(any two or all the three persons) gets into a cyclic
absurd situation: A>B>C>A… etc. It should be
noted that none of the methods (including the
Schulze method) is able to resolve this paradox
positively.
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place, none of the amendments would have been
adopted.
Obviously, representative democracy can exist
without the Condorcet paradoxes only in two-party
systems. And it is the situation when a third party
representing a different opinion would not appear.
All the Condorcet paradoxes considered above are
connected with this third power. If there are only
two candidates taking part in the election, there is
no need in any mathematical ingenuity, preferential
systems, etc. If in the second Condorcet example
there are only two opinions (e.g., A>B>C and
C>A>B), one of them will definitely find support
from three or more voters.
If in the third example there are two parliamentary groups instead of three, the paradox is also resolved successfully. That is why the proportional
voting system is not used in the USA and Britain at
parliamentary elections – in order to retain the existing pseudo-two-party systems. This explains why
the world’s most stable countries practice pseudotwo-party systems. For example, in the USA there
are more than 100 parties but only two of them actually struggle for power. Similar situations can be
observed in Great Britain, Japan, India, Australia,
Canada, etc. On the contrary, Italy, which has not
had two major political powers since the new Constitution was adopted in 1947, is constantly experiencing a governmental crisis (just during the second
half of the 20th century Italy saw about sixty cabinets). Currently a unique two-round proportional
system has been introduced in the country, which is
aimed at artificial creation of two large groups in
the parliament.
Generally, we think that if there is no complete
solution to the Condorcet paradoxes, the conditions
are to be created under which such situations as that
of 2002 in France will not occur. Clearly, formation
of smaller parties should not be banned as it had
taken place in Russia up to 2012. We find unjustified the transition to a two-round absolute majority
system since with the existing four large parties it
may lead to the violation of the fair election principle. Many semi-proportional voting systems (cumulative voting, single transferable vote system,
limited voting), the same as majoritarian systems,
are thought to contribute to the formation of the
two-party parliament. In this case, both the majority’s and minority’s opinions are taken into account
[10, p. 400]. Majoritarian systems, however, do not
possess this feature. For example, there are two
large groups in the Spanish Senate although its
members are elected by the limited voting system

(voters have fewer votes than there are deputy positions available, parties also do not propose more
candidates than this number). Apparently, a part of
the parliament is quoted by the opposition representatives. Independent and party candidates are in
the same conditions in their struggle for power but
the results slightly resemble those of the proportional system election. In the situation when two
large parties are present in the parliament, only
these parties will really struggle for power (they
will get access to media- and administrative resources). Consequently, at presidential elections in
such countries the absolute majority system is unlikely to result in the case similar to the one that
took place in France in 2002.
Countries with the systems like in the USA or
Great Britain can be named pseudo-dictatorships.
There are only two large parties and only these are
really struggling for power. A vote given to some
third party is invalid de facto. Electorate has to vote
for the lesser bad candidate out of two major ones
(we see this fact as the demonstration of Arrow’s
theorem according to which any voting system
would not let a voter avoid his/her dependency on
other people’s will). Only two parties, changing
each other, run a country and push aside all political forces emerging on their way.
There is a well-known saying by Richard
M. Langworth: “Democracy is the worst form of
government, except for all the others”. Truly, democracy in a pseudo-two-party state is far from
perfect. Moreover, it can be appalling and disgusting. Unfortunately, there is no and cannot be another variant. Therein lies the deep meaning of the
Condorcet paradoxes.
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